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Abstract

A FORTRAN implementation of hydrogen-like discrete—discrete atomic form factors is presented. The definition of atomic
form factors and their applicability to the calculation of atomic cross sections is briefly discussed. An explicit analytical
expression for the discrete—discrete atomic form factors is presented exactly in the way they are implemented in the program.
Finally, a description of the program itself and how to use it is given, together with some useful examples and their outputs.
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are three body systems which can be solved perturbatively. The first Restrictions on the complexity of the problem

order solution corresponds to a one photon exchange interaction andFor a non-relativistic collision the Born approximation is safely
is known as the first Born approximation [1-3]. The response of the valid if the kinetic energy of the projectile in the laboratory frame
hydrogen-like atom to a definite momentum of the exchanged pho- obeys [3]:

ton is given by the Fourier transform of its charge density, known 2

as the atomic form factor. The hydrogen-like form factors have been L > —E, (1)
studied in the framework of hydrogen—electron collisions and the M

recent experiments on exotic atoms [4,5] have updated the interest whereE is the bound energy of the hydrogen-like atom initial state.
on this topic requiring the knowledge of the form factors of highly  For the case of relativistic collisions it has been shown that multi-

excited states. photon exchange can lead to significant corrections in the hydrogen-
) like atom collision [8]. However, the relativistic calculation also in-
Method of solution volves the atomic form factotsand for many small and mediu@

We have considered an analytical expression of the hydrogen-like atoms inn < 10 bound states the discrepancies are less than 10%.
atomic form factors [7] and we have implemented it in a FORTRAN

code optimizing the addition method and testing the final result.

LONG WRITE-UP

1. Introduction

The collision of a hydrogen-like atom with another system (a nucleus, atom, electron, etc.), can be solved in
terms of a Born expansion where the first term of the series is the leading one contributing to the differential cross
section. As an example, let’s consider the collision of an atom with a center of force field described by a potential
V(r). The cross section for the atom transition from an initial bound state/1, m1), to a final bound state
(n2, I, m2) can be expressed in terms of the atomic form fact(j‘nl%f,;”f Q) [3]:

o0
1 ~ 2 2
e = s [ 1V @[ P - @l dg. 2)
0
FA2@ = [ Vs O Vi, (), 3)

where\7(q) is the Fourier transform of the center potenidl), 3 is the velocity of the atom anglthe transferred
momentum in the collision. The coefficierfisandé, are related to the masses of the particles of the hydrogen-like
atom by&1 =m1/(m1 + m2) andé = —mo/(m1 + m2). Finally, ¥,;,, is the wave function of the hydrogen-like
atom.

The total cross section is given by:

o]

1 ~ 2 nlm
o9l — 27252 f V@[ (1= i @)q dg. X
0

The atomic form factors given by Eqg. (3) appear in the first Born approximation of any cross section calculation in
which an atom is involved. The original motivation for this work came from the need of the DIRAC collaboration [4,
5] at CERN [6] to have a computer implementation of generic hydrogen-like atomic form factors. DIRAC aims
to measure the lifetime of dimesonic™ 7~ atoms, which are produced in the collision of the CERN PS proton
beam with a fixed target. After creation;"7~ atoms go across the target material before breaking up in two

1 The useful expressions for the multi-photon exchange cross sections as a function of the atomic form factors can be found in [8].
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charged pions or getting disintegrated in two neutral pions. To know from which atomic state the atom gets broken
(ionized) it is essential to compute the transition probabilities between two different atomic states, and this requires
obviously the computation of discrete—discrete atomic form factors. A detailed explanationmof-physics in

DIRAC framework can be found in [9].

2. Analytical expression for the discrete form factors

For hydrogen-like atoms it is possible to perform the integral (3) and give an analytical general expression for
the atomic form factors [7]:

kin Pm
Eizf,’llf,;zlf(m _ NZ H, Z DpAszpr—p+2[CIEL+2,p)(Z) + ClilerZ,p)(Z)]’ (5)
k=0  p=0
where
2 I1+1 2b lo+1 r nr 1
N=( a)t=(2b) Az (nr +HI'(ny, + 1) ’ ©6)
ni+nz Ly +21+ D0y, + 22+ 1)
n2 ni .
= . b = N k = ) = m|n l ,l N
TR ni+ngy " Myt g P (1, 12)
rMm=20+1 Aip=2L+1 n,=m—-h-1 n,=np—bL-1L
ConcerningD,,:
1 Dm s\(L—s+3
D,=2"" F(L—p+2)2(—l)sp1“(p+l)< )( 2)As, (7)
s=p 4 p
where
Ay =it (=1t o (11,12, 0,011, 0){l1, I2, m1, —m2|l, m) Y} 1 (64, g) (8)
N (21 + 1) s 12, Y, ’ s L2, ’ ’ s q>%Pq)»
L=Il1+1p, [1=L-2s.
The coefficientdH, are given by:
-1
Hk — (_l)k-‘rn,Z (l’lrl + l’lr2> (nrl + nr2> Q’({n,-z,n,-l) Q(_n,-l+)»1,n,2+kz), (9)
Ry, k k
k=n, +n,—k.
The " of Eq. (9) are expressed in terms of the Jacobi polynomial as:
QYY) = P (b — a), (10)
which can be written as a series:
n
1 /m4+a\/n+28 _
(e, 8) — il —
PP =3 o ( ” ) (n - m)(x D" 4+ D" (11)
m=0
Finally, theCy in (5) are the generalized Gegenbauer functions, defined by:
k i
[k + 2 —k)i@Cr+ k)i —p)i L/1—
C,i“’)(z)z (k+22) Z( )i (2L + k)i (A — p)i 1 2 ’ (12)
'tk + 1T (20) A+1/2);A; i! 2

i=0
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Fig. 1. Choice of axis. As usualis the quantization axis.

where anything with the subscriptmeans the produet; = (¢« +i — 1)(¢ +i — 2) - - -«. Finally the dependence
ong is given by:
gning 1
) =7,
ni+no 14+ A2
The direction of the quantization axis depends on the choidg,0®,, ¢,) in the expression fod;,. If the
direction ofq is taken as the quantization axis we have:

|20+ 1
Yim (0, ¢) = dmo % (13)

A more useful convention, nevertheless, would be to choose the quantization axis parallel to the collision direction.
This is particularly convenient when the initial momentum of the flying atom is much larger than the transferred
momentum in the collision. In this case the quantization axis remains almost unchanged in successive collisions.
Since the transferred momentum is almost perpendicular to this axis choice (, andé, ~ m/2), we write:

b4 i b1 VA +m)l(l —m)! 20+1
Ym a0 =(-1H"2 lelmd) {—l ) . 14
b (2 ¢> = 2t orEE sV (1)

Some tables of atomic form factors have been published for the first choice of axis [3,10], and they are in good
agreement with the results obtained using the generic expression given by (5).

A =

7=1—2w.

3. Description of the program

We provide a FORTRAN implementation of the discrete atomic form factors as given by Eq. (5), and the axis
choice of (14). This is done by means of a double precision function, DIFOFA, which should be called by the user
main program with the following arguments:

DIFOFA(n1, Ly, m1, n2, L2, m2, ), (%)

e n1, /1 andmj are integers representing the quantum numbers of the initial atomic state.

e n2, > andmy are integers representing the quantum numbers of the final atomic state.

e ¢, is a double precision argument representing the momentum transferred in the collisitamiic units
q(atomicunits = ¢/(ncer), wheree is the fine structure constant, is the reduced mass of the hydrogen-like
atom andu = mima/(m1 + m2).
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Table 1

DOUBLE PRECI SI ON FUNCTI ON DI FOFA( N1, L1, ML, N2, L2, M, Q)
DI FOFA Returns the discrete--discrete atomc formfactors

N1, L1, ML Are integers representing the quantum nunbers of
the initial atomic state.

N2, L2, M2 Are integers representing the quantum nunbers of
the final atomic state.

Q I s a doubl e precision argument representing the
momentumtransferred in the atomic collision in
atomic units:

Qatomc_units) = QMeV) / Mi(MV) / al pha
where Mu(MeV) is the reduced mass of the

hydrogen-1ike atomand 'alpha is the fine
structure constant.

DIFOFA internally calls a number of functions. They are not intended to be directly called by the user, but they
could also be used by other programs in a straight forward way.

o DOUBLE PRECISION FUNCTION EUGAMM(N), is the Euler gamma function for an integer argument.

o DOUBLE PRECISION FUNCTION GEGENF(L,P,K,2), are the generalized Gegenbauer functions given by
Eq. (12).

e DOUBLE PRECISION FUNCTION DJACPO(ALFA,BETA,N,X), are the Jacobi polynomials given by
Eq. (11).

o DOUBLE PRECISION FUNCTION DBINOM(X,K) are the binomial coefficients. The code is taken directly
from the CERN program library CERNLIB [11].

e DOUBLE PRECISION FUNCTION DCLEBG(A1,B1,C1,X1,Y1,Z1) are the Clebsch—Gordan coefficients.
The code is also taken directly fro the CERN program library CERNLIB [11].

The header of the source code looks as follows (see Table 1).

4. Test run input and output

The best way to illustrate the output of the program is to plot the value of the atomic form factors versus the
transferred momentum. As an example, we plot in Fig. 2 the form factors for 4 different transitions. The transferred
momentum is measured in atomic units.

From Eq. (3) we clearly see that:

F:fllf,:,nlz(o) = / lﬁ;lezmz (r) wnlllml (r) dr = 5n1112811125m1m2 (16)

therefore the discrete—discrete atomic form factors evaluated at zero transferred momentum should be either 0 or
1, as it can be verified in Fig. 2.
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Fig. 2. Plots of discrete—discrete atomic form factors for 4 different transitions versus the transferred momentum measured in atomic units.

To determine the range of atomic quantum numbers where our program gives reliable results we provide a test
program that computes the absolute diﬁerehﬁg{;’,’f (0) — 1 for all the states up to those with= 10. The results
are shown in Appendix A. However, we have performed this test for a wider range of quantum numbers paying
special attention to the least favorable cdse Q, m = 0). It has been observed thatif< 7 the program works
with a high level of precision. For = 12 the deviation from the correct value is of the order of 1%, and ferl3
the results begin to be senseless. For any other case the program works with almost any reasonable value of the
guantum numbers. As an example, for the most favorable ¢ase - 1, m = 0), the value of F:y’r'fjlly’g(O) -1
remains satisfactorily small up o< 30.

Finally, we have prepared another main program which calculates the cross section of fast electrons by an
hydrogen atom for any state upio= 11. The expression for this scattering cross section is given by [12]:

o]

d
Onlm = / 8w (1 - Fy:l[l,’;l(Q))q_(g (17)
0
The integration is performed with the CERNLIB routine DADAPT [11] after the change:
X
18
9= 7 (18)

that allows transforms the semi-infinite interv@l co) into (0, 1). The output is also shown in Appendix A.

Appendix A. Test results
A.l. Testresult 1

We describe how to build and run the test program that computes the valﬂﬁ'fgff (0) — 1] for all the bound
states up tm = 10. We also show the final display output.
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Command line:

> make ffdiff
> . /ffdiff

Screen output:

hkk khkhkkkhkkhkhkhhkhkkhhkhkhhhkhhkhkhhkAhkhhkhkhkhkhkhkhkhkhkk k%

* * * %
**  This Qutput File gives us the **
* % * %
** absolute value of the result *
* % * %

** of subtracting 1. to the form **

* % * %

** formfactor of a state at the **
* % * %

** origin. The expected result is **
* % * %
* % 0 * %

E R I S R R R I R O R R O

. 00E+00 |
. 00E+00 |
22E- 15 |
22E- 15 |
10E- 13 |
44E- 15 |
44E- 15 |
67E- 15 |
67E- 15 |
67E- 15 |
74E- 13 |
44E- 15 |
44E- 15 |
00E+00 |
00E+00 |
. 00E+00 |
. 33E-15 |
. 00E+00 |

APADMMPMMDPMAEDRARDWWWWWWNDNNE
WWNDNNEFPPFPODNMNMNMNNPFPPRPORPPEPROO
RPONFOFRPROONPFPFORFRPOORFRLROOO
©CO00000000000000000

. 87E- 14 |
. 99E- 14 |

=
o
[00]
ol
[eNe]
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| 10| 8] 7| 0. 83E- 14 |
| 10| 8] 8| 0.12E- 13 |
| 10| 9| O | 0. 56E- 14 |
| 10| 9] 1| 0. 56E- 14 |
| 10| 9| 2| 0. 56E- 14 |
| 10| 9] 3| 0. 36E- 14 |
| 10| 9| 4| 0. 47E- 14 |
| 10| 9| 5 | 0. 47E- 14 |
| 10| 9| 6 | 0. 53E- 14 |
| 10| 9| 7| 0. 36E- 14 |
| 10| 9| 8| 0. 56E- 14 |
| 10| 9] 9| 0. 56E- 14 |

A.2. Testresult 2

This is the way to build and run the test program that computes fast electrons versus hydrogen atoms scattering.
The program output is also shown.

Command line:

> make ffcsecc
> . /ffcsecc

Screen output:

EE I S O R I R R I R O R I R R I O O

* % * %
**  This Qutput File gives us the *x
* % * %
* * result of the elastic cross **
* * * %
** section of fast el ectrons **
* * * %
*x agai nst hydrogen atons **
* % * %

** scattering in the First Born *x

* % * %
*x appr oxi mat i on. **
* % * %
*x Cross sections and Err. in **
* % * %
*x square Bohr radius units **
* % * %
*x a0**2= 0.280 10**-20 nmr*2 **
* % * %

EE I S R I R R R O R I R R O
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| N| L] M] Cross Secc.| Err. |
| 2] O] 0] 7.33 | 0.00 |
| 2] 0] 0] 124.53 | 0.00 |
| 2] 1] 0] 46.50 | 0. 00 |
| 21 1] 1] 109. 15 | 0.00 |
| 3] 0] 0] 639. 11 | 0.00 |
| 3] 1] 0] 298. 27 | 0. 00 |
| 3] 1] 1] 704.09 | 0.00 |
| 3] 2] 0] 219.41 | 0. 00 |
| 3] 2] 1] 337.32 | 0. 00 |
| 3| 2] 2] 536. 82 | 0.00 |
| 4] 0] 0] 2029.93 | 0. 00 |
| 4] 1] 0] 1017.18 | 0. 00 |
| 4] 1| 1| 2404. 81 | 0.00 |
| 4] 2| 0] 884. 08 | 0.00 |
| 4] 2| 1] 1363. 68 | 0.00 |
| 4] 2| 2| 2174. 17 | 0.00 |
| 4] 3| 0] 678.12 | 0.00 |
| 4] 3| 1] 866. 82 | 0.00 |
| 10| 8| 5| 49453.51 | 21.91 |
| 10| 8] 6] 56553.16 | 29.91 |
| 10| 8| 7| 64343.01 | 34.55 |
| 10| 8| 8] 72794. 42 | 7.86 |
| 10] 9| 0] 24933. 60 | 6. 24

| 10| 9| 1| 25834. 98 | 6.33 |
| 10| 9| 2| 28037.93 | 6.62 |
| 10] 9| 3| 31237. 44 | 7.17 |
| 10| 9| 4| 35230. 79 | 8.11 |
| 10] 9| 5] 39879. 30 | 9.74

| 10] 9| 6] 45088.87 | 12.60 |
| 10| 9| 7| 50798.16 | 17.71 |
| 10] 9| 8] 56970.20 | 26.02 |
| 10 9 9| 63586.26 | 35.89 |
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