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Dirac matrices

Weyl representation 
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Weyl components
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Raising and lowering indices
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They verify

Then:

Example:



Charge conjugation
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Majorana spinors
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Lorentz covariance
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Transformation law

with

index structure

Check:

σ
µ: dotted subindex → undotted subindex

σ̄
µ: undotted superindex → dotted superindex
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ψαχα is a scalar ψ̄α̇ χ̄α̇ is a scalar

Define the 2x2 matrix

Then:

Transformation laws of two-component spinors:



χα ψα = −χα ψα

χ̄α̇ ψ̄α̇
= −χ̄α̇ ψ̄α̇

χ̄ ψ̄ = ψ̄ χ̄χ ψ = ψ χ

Denote

For anticonmmuting spinors 

Notice

χ ψ ≡ χα ψα

χ̄ ψ̄ ≡ χ̄α̇ ψ̄α̇

descending indices

ascending indices

From now on all spinors will be anticommuting



[Pµ, Q̄α̇] = [Pµ, Qα] = 0

[Mµν , Qα] = −i(σµν) β
α Qβ [Mµν , Q̄α̇] = −i(σ̄µν)α̇

β̇
Q̄β̇

{Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0

{Qα, Q̄β̇} = 2σ
µ

αβ̇
Pµ

SUSY algebra in two-component form

Q Majorana

Poincare transformations:

Anticommutators

Qr =

(

Qα

Q̄α̇

)



{Qα, Qβ} = {Qα, Qβ} = 0

{Q̄α̇, Q̄β̇} = {Q̄α̇, Q̄β̇} = 0

{Q̄α̇, Qβ} = 2 σ̄µ α̇βPµ

Raising indices we get 



φ(x) → eiyµ Pµ φ(x) e−iyµ Pµ = φ(x + y)

Representation of translations

φ(x) = eix
µ

Pµ φ(0) e−ix
µ

Pµ

φ(x + y) = φ(x) + yµ ∂µ φ(x) + · · ·

Thus, if δφ = φ(x + y) − φ(x)

δφ = −iyµ [φ(x) , Pµ ] = yµ
∂

∂xµ
φ(x)

Pµ ≡ i
∂

∂xµ
δφ = −iyµ [φ(x) , Pµ ] = −iyµ

Pµ φ

For y infinitesimal:

operator representing translations



{θ, θ} = 0 =⇒ θ2
= 0

Superspace

Let us consider a Grassmann variable θ:

For any function F (θ):

F (θ) =
∞∑

n=0

anθ
n = a0 + a1θ

With two anticommuting variables θ1 and θ2:

F (θα) = a0 + θ1 a1 + θ2 a2 + θ2 θ1 a3



θα α = 1, 2 θ̄α̇ α̇ = 1̇, 2̇

{θα, θβ} = {θ̄α̇, θ̄β̇} = {θα, θ̄β̇} = 0

We consider two pairs of Grassmann variables

Let η
α and η̄α̇ be anticommuting constant spinors

[

ηQ, η̄Q̄
]

≡

[

ηαQα, η̄α̇Q̄α̇
]

= 2 ησµη̄ Pµ

[

ηQ, η′Q
]

=
[

η̄Q̄, η̄′Q̄
]

= 0

The SUSY algebra in terms of commutators



Let us consider a function in superspace F(x, θ, θ̄)

S(y, η, η̄) = ei[yµPµ+η Q+η̄Q̄]

F(x, θ, θ̄) → S(y, η, η̄)F(x, θ, θ̄) S−1(y, η, η̄)

F(x, θ, θ̄) → S(yµ, η, η̄) S(xµ, θ, θ̄) F(0, 0, 0) S−1(xµ, θ, θ̄) S−1(yµ, η, η̄)

Operator of supertranslations

Acts on functions as:

Translating F from the origin



e
A
e
B

= e
A+B+1/2[A,B]+...

xµ
→ xµ

+ yµ
+ iησµθ̄ − iθσµη̄

θ → θ + η θ̄ → θ̄ + η̄

Supertranslations

Using the Hausdorff formula

Multiplication law:

S(yµ, η, η̄) S(xµ, θ, θ̄) = S(xµ + yµ + iησµθ̄ − iθσµη̄, θ + η, θ̄ + η̄)

F(x, θ, θ̄) → F(xµ + yµ + iησµθ̄ − iθσµη̄, θ + η, θ̄ + η̄)
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Realization in terms of differential operators

θσµη̄ = −η̄σ̄µ θ

δS F = −iyµ Pµ F − iηα Qα F − i η̄α̇ Q̄α̇
F
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For infinitesimal supertranslations

Using

We can write:

with:
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Raising and lowering the indices:

The SUSY algebra is fulfilled



R-symmetry

Qα → Q′

α = eiβ Qα Q̄α̇ → Q̄′

α̇ = e−iβ Q̄α̇

[Qα , R ] = Qα [ Q̄α̇ , R ] = −Q̄α̇

Qα has R-charge +1 Q̄α̇ has R-charge -1

Q ∼
∂
∂θ + θ̄ ∂µ Q̄ ∼

∂
∂θ̄

+ θ ∂µ

θ → e−iβθ , θ̄ → eiβ θ̄

The SUSY algebra is invariant under:

Generated by R It does not commute with SUSY

Since:

The R-symmetry is realized in superspace as


