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Φ(y, θ) → Φ′(y, θ) ≡ R Φ(y, θ) = eirβ Φ(y, e−iβ θ)

Φ†(ȳ, θ̄) → Φ†′(ȳ, θ̄) ≡ R Φ†(ȳ, θ̄) = e−irβ Φ†(ȳ, eiβ θ̄)

r is the R-charge of the supermultiplet

A(y) → R A(y) = eirβ A(y)

ψ(y) → R ψ(y) = ei(r−1)β ψ(y)

F (y) → R F (y) = ei(r−2)β F (y)

R-symmetry
θ → e−iβθ , θ̄ → eiβ θ̄

On a chiral superfield

In components



The kinetic term
∫

d2θ d2θ̄ Φ† Φ is R-invariant

The superpotential term
∫

d2θ W [Φ] is invariant if:

R W [ Φ(y, θ)] = e2iβ W
[

Φ(y, e−iβ θ)
]

W [Φ] must have R-charge +2

S =

∫

d4x

∫

d2θ d2θ̄ Φ†(x, θ, θ̄) Φ(x, θ, θ̄) +

[

∫

d4y

∫

d2θ W [Φ(y, θ)] +h.c.

]

R-invariance  of the action



∫

d2θ R W [Φ(y, θ)] =

∫

d2θ e2iβ W
[

Φ(y, e−iβ θ)
]

θ → θ′ = e−iβ θ d2θ′ = e2iβ d2θ

∫

d2θ R W [Φ(y, θ)] =

∫

d2θ′ W
[

Φ(y, θ′)
]

Proof

Change variables as:

Then: 

QED



Generalization

K
(

Φi,Φ
†
i

)

→ K
(

Φi,Φ
†
i

)

+ F (Φi) + F̄ (Φ†
i
)

K
(

Φi,Φ
†
i

)

is called a Kähler potential

For several chiral superfields Φi

the kinetic term can be generalized as:

Kähler invariance of the action

Skinetic =

∫

d4x d2θ d2θ̄ K
(

Φi,Φ
†
i

)

K
(

Φi,Φ
†
i

)

being a generic real function



If Φi = ϕi(y) +
√

2 θ ψi(y) + θ2 Fi(y)

∫

d4x d2θ d2θ̄ K
(

Φi,Φ
†
i

)

=

∫

d4x
∂2 K

∂ Φi ∂Φ†
j

(ϕi , ϕ†
i ) ∂µ ϕi ∂µ ϕ†

j + · · ·

S =

∫
d4x gij̄ ∂µ ϕi ∂µ ϕ†

j + · · ·

Define:

gij̄ =
∂2 K

∂ Φi ∂Φ†
j

(ϕi , ϕ†
i ) metric of the complex Kahler manifold

Then

Geometric picture: 

Scalar fields are coordinates in a manifold

line element



α being a real constantA → e
−2iα

A

Φ → e
−2iΛ

Φ , Φ
†
→ e

2iΛ
Φ

†

Λ being a real constant superfield

Φ† Φ is invariant

Abelian phase rotations of a complex scalar

It can be extended  to the full chiral multiplet

U(1) global symmetry

Global symmetries



Non-abelian gobal rotations

Λ = Λ
a
T

a

Φ → Φ
i

T a are hermitian generators of a Lie algebra

[T a, T b] = i fabc T c Tr[T a
T

b] = δ
ab

Φ
i
→

(

e
−2iΛ

)i

j
Φ

j
Φ

†
i → Φ

†
j

(

e
2iΛ

)j

i

Take:

Λ
a
∈ R



Local symmetry

Λ†(x) is an antichiral superfield
Λ† != Λ if Λ is not constant

Φ† Φ is not invariant

Λ(x) is a chiral superfield

Φ → e
−2iΛ(x)

Φ Φ
†
→ Φ

†
e
2iΛ†(x)

Φ
†
Φ → Φ

†
e
2iΛ

†

e
−2iΛ

Φ

Gauge transformations

}



V
†

= V

e
2V

→ e
−2iΛ

†

e
2V

e
2iΛ

Φ†
e
2V Φ is gauge invariant

analogous to ∂ → ∂ + A

Φ
†
Φ → Φ

†
e
2V

Φ

Minimal coupling

Introduce a vector superfield defined as a real superfield

The gauge transformation of  V is :

Then:



(

e
2V

′
)†

=

(

e
−2iΛ

†

e
2V

e
2iΛ

)†

= e
−2iΛ

†

e
2V

e
2iΛ

= e
2V

′

S =

∫
d
4
x d

2
θ d

2
θ̄ Φ

†
e
2V

Φ

[

Φ
†
e
2V

Φ

]†

= Φ
†
e
2V

†

Φ = Φ
†
e
2V

Φ

The resulting lagrangian is real 

Action of a chiral superfield with local gauge invariance

V remains real after a gauge transformation



e
2V

′

= e
2V −2iΛ†+2iΛ

Abelian theory:

V → V + i (Λ − Λ†)

C, Aµ and D are real

Parametrize V as:

V = C + iθχ(x) − iθ̄χ̄(x) + iθ2 M(x) − iθ̄2 M∗(x) +

+ θσµθ̄ Aµ(x) + iθ2θ̄α̇

[

λ̄α̇
−

i

2
(σ̄µ∂µχ)α̇

]

−

−iθ̄2 θα
[

λα −

i

2
(σµ∂µχ̄)α

]

+
1

2
θ2θ̄2

[

D −

1

2
∂µ∂µ C

]



Λ = a(y) +
√

2 θψ(y) + θ2 F (y) yµ
= xµ

− iθσµθ̄

i(Λ − Λ†) = i(a − a∗) + i
√

2 (θψ − θ̄ψ̄) − θσµ θ̄ ∂µ[a + a∗] +

+iθ2 F − iθ̄2 F ∗ +
1
√

2
θ2 (θ̄σ̄µ∂µψ) −

1
√

2
θ̄2 (θσµ∂µψ̄)−

−

i

4
θ
2
θ̄
2
∂

µ
∂µ (a − a

∗)

Perform a gauge transformation with:

Λ(x) = a − iθσµθ̄ ∂µ a −

1

4
θ2θ̄2 ∂µ∂µa +

√

2θψ −

i
√

2
θ2 θ̄ σ̄µ ∂µ ψ + θ2 F

Λ†(x) = a∗ + iθσµθ̄ ∂µ a∗
−

1

4
θ2θ̄2 ∂µ∂µa∗ +

√

2θ̄ψ̄ −

i
√

2
θ̄2θ σµ ∂µ ψ̄ + θ̄2 F ∗

Then:

Thus:



V → V + i(Λ − Λ†) is equivalent to:

C → C + i(a − a
∗)

χ → χ +
√

2 ψ

M → M + F

Aµ → Aµ − ∂µ(a + a
∗)

λ → λ

D → D



Wess-Zumino gauge

C = χ = M = 0

Physical content of the vector superfield:

The gauge field Aµ

The gaugino field λα

The auxiliary field D

V = θσ
µ
θ̄ Aµ + iθ

2 (θ̄λ̄) − iθ̄
2 (θλ) +

1

2
θ
2
θ̄
2
D



Non-abelian case

Aµ = Aa

µ T a , λα = λa

α T a , D = Da T a

δV = V ′
− V = i( Λ − Λ† ) − i [ Λ + Λ† , V ]

Writing V = V a T a and Λ = Λa T a

δV a = i ( Λa
− Λ† a ) + fabc ( Λb + Λ† b ) V c

Take Λ = a(y) with a ∈ R. Then:

α = a + a
∗

Infinitesimal transformations

i ( Λa
− Λ† a ) = −θ σ

µ
θ̄ ∂µ α

a

Λa + Λ† a = α
a
−

1

4
θ
2
θ̄
2

∂
µ
∂µ α

a

We will also use the WZ gauge



δAµ = −∂µ αa
+ fabc αb Ac

µ

δλa
= fabc αb λc

δDa
= fabc αb Dc

Transformations of the components

Just the ordinary non-abelian gauge transformations 
for fields in the adjoint representation!!



In the WZ gauge:
V

2
=

1

2
θ
2
θ̄
2
Aµ A

µ

V
3

= 0

Φ†
e
2V Φ = Φ†Φ + 2Φ†

V Φ + 2Φ†
V

2Φ

Φ = ϕ(y) +
√

2 θψ(y) + θ2 F (y)

Gauge invariant action

Then:

Take:



Φ†Φ|
θ2θ̄2

= ∂µϕ† ∂µ ϕ + iψ̄σ̄µ ∂µψ + F † F + total derivative

Φ
†V 2

Φ|
θ2θ̄2

=
1

2
ϕ† Aµ Aµ ϕ

Contributions to the action:

+
i

2
∂µ ϕ† Aµ ϕ −

1

2
ψ̄ σ̄µ Aµ ψ −

i
√

2
ψ̄ λ̄ ϕ

Φ†V Φ|
θ2θ̄2

= −

i

2
ϕ† Aµ ∂µ ϕ +

i
√

2
ϕ† λψ +

1

2
ϕ† D ϕ +



 Action:

S =

∫

d2θ d2θ̄ Φ† e2V Φ =
(

Dµϕ
)† (

Dµϕ
)

+ iψ̄ σ̄µ Dµ ψ + F † F +

+ϕ† D ϕ + i
√

2 ϕ†λψ − i
√

2 ψ̄ λ̄ ϕ

Dµ ϕ = ( ∂µ + iAµ ) ϕ

Dµ ψ = ( ∂µ + iAµ ) ψ

Covariant derivatives

Some Yukawa couplings  with the gaugino are generated


