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We want to construct the action for the 
gauge field and its SUSY partner

We need the SUSY analogue to the field strength

Define:

They satisfy:



Wα is chiral because D̄3 = 0:

D̄α̇ Wβ = 0

Similarly W̄α̇ is antichiral:

Dα W̄β̇ = 0
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Wα remains chiral

Wα transforms covariantly under gauge transformations
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Gauge invariant traces:

Candidates for the gauge field action



Abelian case
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Non-abelian case (WZ gauge)

Wα = −

1

4
D̄ D̄

[

Dα V + [Dα V, V ]
]

W̄α̇ = −

1

4
D D

[

D̄α̇ V − [D̄α̇ V, V ]
]
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gauge invariant traces
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Introduction of coupling constant:
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Define the complexified coupling as:
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Equivalently:
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Coupled matter+gauge fields

Chiral matter superfields Φi = (ϕi, ψi, Fi)

i → flavor index

ϕi → complex scalars

Fi → auxiliary fields

ψi → chiral fermions
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Fayet-Iliopoulos term

V A
→ vector superfield along an abelian direction

Λ|
θ2θ̄2

, Λ†
|
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= ∂µ ∂µ
(
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)

V
A

→ V
A + i( Λ − Λ† )Also gauge invariant
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A SUSY invariant



Total lagrangian

L = Lgauge + Lmatter + LFI

Terms with D in L:
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Da Da
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on-shell contribution

Potential



Total lagrangian without auxiliary fields
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SUSY vacua

∂W

∂ϕi

= 0

∑

i

ϕ†
i
T a ϕi + ξa

= 0

F-flatness D-flatness

If there is no solution SUSY is spontaneously broken

If there is a solution with < ϕi >!= 0 the gauge symmetry

is spontaneously broken and the gauge field acquires mass

If there is a continous set of vacuum solutions they 
form a manifold (moduli space) 



SQCD

Ψ =

(

ψα

χ̄α̇

)

Ψ̄ =
(

χα , ψ̄α̇

)

iΨ̄ γµ ∂µ Ψ = i
[

ψ̄σ̄µ ∂µ ψ + χ̄ σ̄µ ∂µ χ
]

Aa

µ Ψ̄ γµ T a
Ψ = Aa

µ

[

ψ̄σ̄µ T a ψ − χ̄ σ̄µ T a χ
]

Q = ϕ(y) +
√

2 θ ψ(y) + θ2 F (y)

Q̃ = ϕ̃(y) +
√

2 θ ψ̃(y) + θ2 F̃ (y) ψ̃ ≡ χ

We must get non-chiral matter content from chiral fields

In terms of Dirac spinors

kinetic energy

Interaction term

different charge sign!

quark chiral superfied

antiquark chiral superfied



Lmatter =

∫

d2θ d2θ̄
[

Q† e2V Q + Q̃ e−2V Q̃†
]

Q → e−2iΛ Q Q̃ → Q̃ e2iΛ Q†
→ Q† e2iΛ

†
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Q → Qi Q†
→ Q

†
iQ̃ → Q̃i Q̃†

→ Q̃† i V → V
i
j

Q → fundamental rep Q̃ → antifundamental rep

Matter lagrangian

Index structure

Gauge transformations



Global rotation with Λ = α with α = α
† and α constant

χ → χ e
2iα

χ̄ → e
−2iα

χ̄

ψ → e−2iα ψ
Ψ → e

−2iα
Ψ}

Superpotential mass term

W (Q, Q̃) = m Q̃ Q gauge invariant

In terms of the Dirac spinor

m[ψψ̃ + ψ̄
¯̃
ψ ] = mΨ̄ Ψ

Contribution to the lagrangian

OK!



Da
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Terms with D in the lagrangian

Then:

Potential



SUSY QED
Let us consider the U(1) case with mass m

V = m2
[

|ϕ |2 + | ϕ̃ |2
]

+
1

2

[

|ϕ |2 − | ϕ̃ |2 + ξ
]2

V = ξ2 + (m2 + ξ) |ϕ |2 + (m2 − ξ) | ϕ̃ |2 +
1

2

[

|ϕ |2 − | ϕ̃ |2
]2

m, ξ != 0 =⇒ SUSY broken

m2 ≥ ξ =⇒ U(1) unbroken (< ϕ >=< ϕ̃ >= 0)

m2 < ξ =⇒ U(1) broken (< ϕ >= 0 , < ϕ̃ >"= 0)



For m2, ξ = 0, the SUSY vacuum equations are

|ϕ |2 − | ϕ̃ |2 = 0 ϕ = e
iα

ϕ̃ , α ∈ R

U(1) symmetry ϕ → eiβϕ, ϕ̃ → e−iβϕ̃

β = α/2 → ϕ = ϕ̃ β = π + α

2
is also good

M = {ϕ/ϕ → −ϕ}

M = ϕϕ̃

It is a good coordinate for M
M = {M}

Take

Moduli space

Define the “meson” field



Metric of M

K = ϕ∗ϕ + ϕ̃∗ ϕ̃ = 2ϕ∗ϕ = 2
√

MM∗

M = r e
iθ ds

2
=

1

2

[ dr2

r
+ r dθ

2
]

u =
√

2r , φ = θ/2

ds
2

=
∂2 K

∂M ∂M∗
dM dM

∗
=

1

2

dM dM∗

√

M M∗

ds2
= du2

+ u2 dφ2 , 0 ≤ u < ∞ , 0 ≤ φ < π

C/Z2 with a conical singularity at the origin

Kahler potential

Parametrize M as:

change  to new variables

The singularity occurs where the foton is massless


