1 Spinors
We will use the metric convention:
g =(1,-1,-1,-1) . (1.1)

We will also use the Weyl representation of the Dirac spinors:

N ( ;’H 0;)“ ) 7 (1.2)

where o and " are the following 2 x 2 matrices:
ot = (007 Ui) ) ot = (O-OJ _O-i> ) (13)
with ¢! being the Pauli matrices that satisfy the relation:
olol = 69 + ikt (1.4)
The matrices o and " satisfy the relations:
ota” + oVat = 2¢" alo” + oot = 2¢" . (1.5)
Let us define:
. -1 0
vs = iy = : (1.6)
0 1
In this representation the upper [bottom]| two components have left [right] chirality:

U =0, + Vg, (1.7)

1 1
\IIL:( 275)\11, \IIR:( 275)m. (1.8)

Let us represent ¥ in terms of two-component spinors as:

xp—(ig) . (1.9)

Then, the left and right chirality spinor fields are:

\IJL:<1/6“), pr:(;d). (1.10)

The Dirac conjugate is defined as:

with

U= Uiy (1.11)



With our conventions we have:

U= (x*, 9l) (1.12)
Let us define B '
do=[a]t, =[] (1.13)
Then B B
U= (x* ) - (1.14)

Raising and lowering undotted and dotted indices can be done with the matrices

_ o 0 1 .2 a,@_d,@_ 0 -1 2
Eaﬁ—6d5—<_10)—10, € = € —(1 0)— 107 .

(1.15)
They satisfy: 3 _
%ear = 07, e =07 (1.16)
One has:
Xa = eaﬂxﬁ ) Xa = Eaﬁ X3 s
U=y, e = g0 (1.17)
So, for example:
1 _ 2 _
X = —Xz2» X = X1 (1.18)
1.1 Charge conjugation
In Dirac theory the charge conjugated Dirac spinor is given by:
v =Cout | (1.19)
where C' is a matrix that must satisfy:
Cy, C™' = —y,. (1.20)
We will take the matric C' as:
: 2
0.2 _ 10 O
C=—-ivry —( 0 —i02> . (1.21)

In terms of two-component spinors the charge conjugate of W is:

Ve = ( fig ) . (1.22)

A Majorana spinor satisfies the property of self-conjugation:
Wy =V, . (1.23)

One can prove that this is equivalent to be of the form:

\IJM—(ig)—(_wXQX*> . (1.24)



1.2 Lorentz invariance

A Dirac spinor is transformed under a Lorentz transformation as:
v - SV, (1.25)

where S is the following matrix:

S = e 1wm = (1.26)
and XM is: . . ‘
Yoww _ Vo g 0™ 0
with o" and " being given by:
1 . 1 .
(")) = (00" —a"a"),” ()= (@0 =) (1.29)
These expressions are consistent with the following index structures:
(0")ad (aM)% . (1.29)
This index assignment is also consistent with the property:
o _ 6B af p
(cH)* = e Ths - (1.30)
We now define M as: )
M = ez “wo™ (1.31)
It satisfies X
(M) = ez em ™ (1.32)

S can be written in terms of M as:

5 — (]‘04 (M?)_1> | (1.33)

This implies that the different two-component spinors transform as:

Vo — (M, P — M,

= [(MT)_IX]Q7 % — [xM'], . (1.34)
It follows that 1%y, and 14x® are scalars. We shall denote:
X = X", XU = Xa?". (1.35)

Notice that : B o
Xawa = _Xocwa s )Zéc @ZJO[ = _70[@0@ . (136)



For anticommuting spinors one has:

XV =vx, xX¢ =vx. (1.37)

The 4 x 4 matrix S that implements Lorentz transformations on the four-component
Dirac spinors satisfies:

SThats = AF 47 . (1.38)
It follows that the 2 x 2 matrix M satisfies:
M=ot (MDY = AF v MYt M = A", 5" (1.39)
Then:
(ke (a“)adid = Yoty is a vector (1.40)
)‘(d(é“)dad}a = Y&ty is a vector (1.41)

1.3 Spinor identities

When computing the complex conjugate of fermionic bilinears the identities that
follow are very useful:

(vx)' = x¥, (vx) = xv,

(xo" )t = o x, (o) = xa"y. (1.42)
One can also exchange the order of spinors in a blilinear by means of the identities:

I/JO-HX = _)_C5H¢7

X" = oty X" = e x . (1.43)

Working in superspace with coordinates § and 6 one frequently uses the Fierzing
identities:

eae/@:—%eaﬂee, eaeﬂzéeaﬁee,
0= LR, al; = 5 a0
oo Ox =~ 00U, B0 Bx = — 00 (1.44)
From the completeness property of the o-matrices:
(o). (5,)" = 26740 , (1.45)
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we get:

0“0 = = (5")™ 00,0 .

DN | —

Also: .

0" 0 65" 0 = 5«99 00 g .
Another useful properties are:
0 0 o i 0

af _

€

1.4 Properties of Pauli matrices

The traces of o matrices are given by:

Tr _0“6”} = 2g"" |

I 1
Tr | o pff] = -
rjo%o 5

2
The hermitian conjugate of the ¢ matrices are given by:

oht — gt Gght — GH

I I

The transposes of the ¢’s are obtained by conjugating with o?:

o'l = g2t o? gt = g¥oto?

(O’MV>T:—O'2UMVO'2, (5_MV)T:_0_26_/LV0_2'

00° 00, 067 905

<guagup o gupgua + ie;wpa) ’

r 1
Tr | 5/)0] - = <g/wgl/p — g"gvT + 2'6’“’"’") _

ot = g

(1.46)

(1.47)

(1.48)

(1.49)

(1.50)

(1.51)



