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The rotating open string solution
XY =Br, X! = Bcostcoso , X? = BsinTcoso

represents a string rotating in the X' X? plane
satisfies the eom&constraints

XK+ XH = B(l,—SiIl(T:l:O’),COS(T:I:O’)) = (X+X')" =0
Energy = E=)" = T/ X% = xTB
0

Momentum

7T B?
2

J:J12:T/ do [ X'X? — X?°X'] :TB2/ do cos’ o =
0 0

2
7 o = | J = d E° o’ is the Regge slope




Light-cone coordinates of the worldsheet

T =140 E =T17—0
WS metric
ds? = —d€éT de™
1
g++ =9—— =10 Gr- =gt =5
Derivatives

3i:%(ari5'o) =P J =1 0.7 =0

Similar to holomorphic and antiholomorphic
variables in the complex plane



EOM

Solution

Polyakov action

Sp = 2T / d*£0,. X' 0_ X",

9, 0_ X1 = 0

XH(ry0) = X (1+0)+ XR(T—0)




Mode expansions

Right movers

H [2 1 ab
X]'L%(T—J) _ 2 s Sp“(T—J) + ! Z ?ke_”“(T_a)

Left movers

H [2 il al .
XE(T+0) = 5+ 27 (r40) + £ 3 Jhe o)

X1, Xgreal — a2t , p*, p* real and

(O‘Z)* = o), (O‘k)* = «

The o’s and @’s are oscillator variables



Closed strings
X(r,0+271) = X(r,0) = keZ—-{0}, p* = p*

8 .5 Oé';é —in(rt—o
Xhr—0) = T+ 5P (r—0) + % S % gintr—o)

]2 il W
X{(r+o) =5 + o' (r+o) + 3 %e—mwﬂ

2
neZ—{0}
[
ol = L pt = gt
Define =8 0 = 5P 0
[ . / |
a_ XR — 5 Z Odlrj{, 6_7’”(7-_0-) 8_|_ XL — S @/TJJL e—?,’n(T-l‘O')
\/§ nez \/§ ne




Center of mass coordinate

1 27

Tho = Py do X" (r,0) = 2 + Pptr

0

xH is the center of mass of the string at 7 = 0, which moves as a free particle

Center of mass momentum

27 27
Py = T/ do X" = Tl?p“/ do = pt
0 0

p* 1s the center of mass momentum



Virasoro constraints
EM tensor in light-cone coordinates
T++:8+X-6‘+X, T__:8_X-8_X

T_|__ — T__|_ — O

Fourier transform of T, and T_ _

27T 27T
Ly =T / do T__ ™m(T=0o) Ly =T / do T, e™7+o)
0 0
27 '
Inverse relations === yse / e’ do = 2w oy,
0
“+00 ' +00 - .
T = l? Z L, e—zm(T—a) ’ T_|__|_ _ Z? Z L, e—zm(T—l—a)

L,, and L,, are the Virasoro generators



Mode expansion of Virasoro generators:

Lmzlzam—n'any Zm:lzo_‘m—n'&n
2 nez 2 nez

Reality conditions
L = L_,,, L = L_,,

Constraints in terms of Fourier modes

L,,=0, L,,=0, m=0,+1,+2,---
Classical mass formulae
CV'g — ls p'u
1 00 V2
_ L2 ,
L0—2a0+n§_:1oz_n Qi ‘F



From Lo =0 == |M*= — O_p - Oy

Similarly from Lo = 0

For consistency



Mass formula in symmetric form

;2 X L
M —JZ(a_n-ozn—l—oz_n-ozn)

n=1

Hamiltonian analysis of the closed string

Canonical momentum == II¥(7,0) =

EZ%(XQ—XQ) =t M* = T XH

continuous mass

spectra at the
classical level

0

: S
0X,(1,0) r

27
Hamiltonian =i H:/ (XMH“—E)
0



In terms of the EM tensor

IL[:T/O27T [T++—|-T__} = H:L0—|—Eo

canonical equal-time Poisson brackets

| XH(r,0), X¥(1,0") ] ,; = 0

[H“(T,J), HV(T,O'/)]PB = 0

[H“(T, o), X"(r, U’)] = (o — o)

PB




As TI* = T X* the only non-trivial PB is:

[X“(T,J),X”(T,J’)] = T 1 n"6(0 — o)

PB

In terms of the modes these PB are equivalent to:

[puva}PB = 0"

B AV _ pv
[Ozm,an]PB = 1M Oyt N
[ozm,ozn}PB = 1M Omin "




To prove the last result we should use

1

27T
nez

in(oc—ao')

6(c — o)

€

which follows from the orthogonality and completeness of
the wave functions

1 .
< oln >= e'"?

V2m

Check:

1 - /
AN / L / . in(c—o")
do—0') =<olo >= g <oln>< nlo >= 9 g e
nel nez



Poisson algebra of the Virasoro generators

Use:
[AB, CD}PB — A[Ba C]pBD + AC[B’D}PB_I_

+[A4, 0,y DB + C[A, D], B

v

1
[Lm’ L”]PB ~ Z [O‘m—k'@ka Oén—rozz]PB =
k.l

i
=7 Z [k&m kOl Opgn—1 + Kok - g 041 +
k.l

+ (m —k)ag - o Om—ktn—1 + (M —k)on_i - Ok Om—k+i

v

(L, Ly | ppy = % Z EOm—i - Qo + % Z(m—k)am_k+n-ak
k k



=» | | Ly, Ly|,5; = i(n—m)Lnin | Classical Virasoro algebra

The origin of the Virasoro algebra is the residual symmetry

d*¢' = 0, F O0_F_d*¢

oxXr a¢t 1
Ot 06T’ OLF.

=& = Fy(&y)
oL XH

&, Xh —
Then
PV X0 X =d°¢€0, X-0-X =p the action is invariant

Consider the operators

VE = fL (&%) 6’5% They generate 66 = fi
Take fEEE) = e pez = VI = eine” 9
n ? n afi

The)' SatiSfy = [an: ) Vnzvl,:] — 7’(” _ m) anfl—m



Open Strings with NN boundary conditions

Take o0 =7 XH(1,0) ‘ — 0

o=0,m

XM 's (=0 —zk(T o) —,u —Zk(’T—I—O‘):|
(r,0) = & (9" —p")
k;éO
[2 ‘ ”
/ _ —ikT _
X“(T,cr:())zas(p“—p“)— e T (ol — ab)
k£0
Then
© b T Only one set of
p =D , ;. = O .
oscillators!

XH(1,0) = —iv21, z ot sin ko e T

k20
XH* (1,0 =m) = 0 implies that k € Z — {0}



Changing p* — 2p*

XH(r,0) = a" + PptT + ivV21, Z
neZ—{0}

Define )
Qp = \/§ZS p'u — a:l: XH — S Z Ck% e—in(T:I:J)

CM position&momentum

I " :
X = —/O doX"(r,0) = zt + 212pH T Pl = T/ do X* = p#
0

s

Hamiltonian

Hyy = g /Ow do (X? + X?) = T/OW do [ (0+X)* + (0-X)?]



Mode expansion

—+ o0

1
HNN:§ZO4_n°Ckn — HNN:l§p2‘|‘ZCV—n'OCn
ne n=1

Define

™~
3
|

T / do [T-I--l- ein(T—l—a) 4+ T eim(T—a)]
0

mode expansion

1
bo= 3w | Hyw = Lo
ne

Classical mass formula

—+ o0
5 1 Z
m — _/ a_n * an
@
n=1




Open strings with DD boundary conditions

XH (1,0)

'

‘J:O,ﬂ' =0

[2 [
XM r,o0=0) = =2 (p"*+p*) + =2 e th(T)
£0
Then
p,u — _p,u, 9 &Z — _C_Vl]:

XH(r,0) = —iv2l, Z ot sin ko e FT

k0

XH(1,0) ‘W — 0 implies k € Z



—
XH(r,0) = a# 4+ Ppto + V21, Z I =it ginno
neZ—{0} "
Change oy, — Qg
As X5 =, XE = gt + l? p*
XH — XK ot :
X,u _ X,u T 0 2l3 -n. _—inT
(1,0) G + ~ o+ V2 Z - sin no




