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Covariant quantization of the open string

We study the representation theory of the Virasoro algebra
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Virasoro primaries
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The number a is called the weight of the Virasoro primary



Virasoro descendants of a primary

States that can be written as a finite linear combination of products
of Virasoro operators with negative modes acting on the primary

First descendants

L_1|¢ >— level one

L oslo>, L_1L_1]|p>— level two

L s|l¢>, LosL_i|¢p>,L_1L_5|¢p>, L?,|¢p >— level three
They have the structure of aVerma module

They are not all independent since

L 1L o=|Ly,L o]+ L oL 1 =L_3+ L osL_4



Basis at level Ny + n:

Lo, Ly, L_p |¢> n=>3 n,

The descendants are orthogonal to any primary

Take a general descendant of the form

|d€8 > = Z C; L—ni Xi >
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c; — constants, |y; >— states, n; > 0

\

< des|primary > = Z c; < Xi|Ln, |primary >= 0
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A null state is a state which is both primary and descendant

| > and |¢ > +|null >— the same inner products with all primary states

A null state has zero norm and the primary states that
differ by a null state are physically indistinguishable

\

(@ >— |¢ > +|null > is a (gauge) symmetry

A physical state is an equivalence class of a primary
state of weight a=1 modulo the null states

iphys >~ |phys > +|null >



Vector states of the open string in covariant form

§,, — polarization vector

Eual 10k >= 16k >

(Lo — 1) &k >= 0 implies that M =0

Physical state condition

Li|&k>= (g -on + acq ~ag---) €, a0k >=
= ap, [af,a”,]€, 10,k >= £, af |0k >

\

Li|é:k>= V20, (€-k)|0;k >
¢

Ll‘f,k>:O:>§k:O

Transversality condition : polarization and momentum are orthogonal



Let us consider the descendant state

d >= L_11]0;k >

A
V21,

L 1|0k >= (oz_l g+ oo a1+ - ) 0;k >= a_1 g

0k >= V2I,k,a" | |0;k >

d>= )\ k, Oélil 0:k > | = |d > is a vector state with polarization é“ = k"

This state is physical if k2 = 0 because kué“ = \k? =0

If k% = 0 the state |d > is physical and descendant and thus null < d|d >= |A\[*k* = 0

{

§, and £, + AkH are equivalent

\

A, —A,+9I,A gauge symmetry!



Closed string spectrum

Physical — (Lo = 1)[¢>=0, (Lo — 1) [ >=0

conditions -
(Lo — Lo ) |¢p >= 0

In the light-cone gauge a,f = at = 0
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with N = Zai_n ol N = > al,al

i=1 n=1 =1 n=1

Thus, the mass formula for the closed string is:
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(L0+L0—2)|¢>=O => MQZJ(N—FN—Q)

level-matching condition N = N



First mass levels

Oé/

Closed string tachyon

V

M? =0 Massless states

=
|
=
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Plus an infinite tower of massive states



We decompose Q¥ in three parts

h* = symmetric traceless

Y = hY 4+ BY 4 7 0" | =  BY — antisymmetric

¢ — trace
Inverse relations

d = Y QY = & is the trace of Q¥

® is a scalar field that is called the dilaton

hwzi[azum}_ﬂw = LU =pit SR =

h'J is a spin two massless particle =»> | The graviton!

g =t + —>| closed string theory contains gravity!




BY = 2 [Q” —~ Qﬂ} =»> BY is a two-form gauge potential

In a covariant form the massless fields of the closed string are:

(9uv> Buv, @)

The null vectors of the Virasoro algebra generate general
coordinate transformations and the gauge symmetry of the
antisymmetric field



Closed string coupled to gravity

1
S[X] = / 426 /g g°° 0y X" 93 XV G (X)

Aol

Action of a 2d interacting field X*(¢)

Quantization with the background field method

Expand X#(£) around a classical configuration X¢(€)

XH(E) = X5(&) + (&) = wH is not a vector

Riemann normal coordinates
M\ (t) = geodesic that connects X and X§ + 7+

A(t) + TH X () A7 (t) = 0 A(0) = XV

A1) = X5 + o
t €]0,1]



Take \(0) = Va i
Solve iteratively
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n* (&) parametrizes the quantum fluctuation

o/ is an expansion parameter

Expansion of the action
S[X] = S[Xo] + SP[Xg, 7] + -

Expansion in powers of &’ = Low energy expansion



1 3 )
S[Xo] = —— /d2§\/§9 7 00 X§ 05 X G (Xo)
(2) _ 1 2 af p v p v\ o
SO [Xo,n] = —— /d £7/5 9% [ Gpu(X0) 0" 051 + Ryurow (Xo) 0 XUt 0 X5 11

Quantum correction

1 .
_ERW\W(XO){)Q X os Xy <n*n”> = divergent

In dimensional regularization in 2 4+ € dimensions:

d*tek i
(2m)2+€ k2 — m2 + 0

<nn® >= 276 u e /

{4 1s the renormalization point

m 1s an IR mass scale



Performing the integral

5)\0 € 1
<nn’ >= 5 (\/%,u) F(—%) = _E5M + regular terms

1 87 174
It induces the divergent term —» /d2€\/§ 9*" 0o X8 05 X§ Ry (Xo)

L >\ . . .
R, = R}, 1s the Riccl tensor

It can be reabsorbed with the following renormalization of the metric

/

Gu — Guv + - Ry
€

which corresponds to the beta function

0G ,,, ..
B = u a: = o' R, Ricci flow




A non-zero beta function signals breaking of 2d scale invariance

fa N )\SO{

Scale transformations induce Weyl transformations

ds® = gapde® d€” — N gapdl® dP = gap — N’ gap

If Weyl symmetry is broken we get an inconsistency

'

We should require

B = 0= R,

0

classical Einstein equations are obtained as a quantum effect in 2d!



Let us fix the conformal gauge in the quantum theory

dap — 62¢ 5046
Action in 2 4+ € dimensions:

1

Ao

S =

/ d*TEe? 0y XM O™ X G (X)

The conformal factor ¢ does not decouple in 2 4+ ¢ dimensions

ef? ~ 1+ €0 S =~ L /d2+€§ (1+ €p) 0o X* 0% X¥ G (X)

Ao/

Renormalizing the metric we get an extra finite term

1

Ao

S:

/ d2£0, XM 0% XV (GW(X) + o ¢ Ry (X) )

The action depends on the conformal factor
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Weyl transformation

20
Jap — € ¢ga5 == ) gag = 200 Gus , 6 g*P = —26¢ P
)5S
_ af __ - o
0S5 = 5P 0g™” = T\/ detg T, 00
For a fl ldsh ic = 05 _ 1 o
or a Tlat worldsheet metric 5¢ — Iy o
o Of/ e v 6,LW o 1%
T, = —ERMV(X)ﬁaX“a XY = — 5 0, XH 0% X

Weyl invariance (and thus consistency) only if 3,, = 0



Coupling to the antisymmetric B, field

1

Ao

S =

/ d?¢ B, (X) 0, X" 05 X" P

e*P is an antisymmetric tensor with €1 = +1

The action changes by a total derivative under

0By = Oy Ay — 0, Ay =P gauge symmetry

Coupling to the dilaton

S = 4i / d*¢ \/gR® ®(X)
70




Total Weyl anomaly

1 1 /
T = = B (G) g*P 0, X* 05 XV — 5 B (B) e* 9, XF 95 XV — % 3(®) R®

C\f/

Bur(G) = & Ry + 20/ V, Vo @ — —- Hyxo H, Ao

Oé/
B (B) = ) V Hy,, + o/ V2@ Hy,,

/

/
B (®) = —% V0 + o/ V,0VFD — % H,ppn HH

H,,, 1s the field strength of B,,,
Hyvp = 0uByp + 0y Bpy + 0p By

H,,, is invariant under the gauge transformation of B,,,




EOMs of the massless fields
Bu(G) = Buw(B) = B (®) =0

They can be derived from the low energy effective action

1 26 —2P 1 U
S =55 [dFzvV=Ge [R—EHWHM + 40, 90" D

R = R', is the scalar curvature K ~ l§4

Change to Einstein frame GE, = e %G

Next order in o’ = higher powers of the curvature R



