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Consider a theory in d Euclidean dimensions

Infinitesimal change of coordinates x
µ
→ x

µ + ε
µ(x)

The change of the action is:
δS ∼

∫
d

d
x T

µν
∂µ εν

Tµν is the energy momentum tensor T
µν

= T
νµ ∂µ T

µν
= 0

Let us consider a scale transformation

x
µ
→ λx

µ with λ = 1 + ε ε small ε
µ

= ε x
µ

δS ∼

∫
d

d
x T

µ
µ δS = 0 =⇒ T

µ

µ = 0

If the system is scale invariant the EM tensor is traceless

We have a Conformal Field Theory



2d theory in Euclidean space x
µ = (x0

, x
1)

z = x0
+ ix1 , z̄ = x0

− ix1

ds
2 = (dx

0)2 + (dx
1)2 = dz dz̄

gzz = gz̄z̄ = 0 , gzz̄ = gz̄z =
1

2

complex variables

scale invariance is
promoted to an

infinite dimensional 
symmetry!

EM tensor
T

µ

µ = 4Tzz̄ Tzz̄ = 0scale invariance

z → z + ε(z) , z̄ → z̄ + ε(z)Conformal (analytic) transformation

ε
z = ε(z) , ε

z̄ = ε(z) , εz =
1

2
ε(z) , εz̄ =

1

2
ε(z)

T
µν

∂µ εν = T
zz̄ ( ∂z εz̄ + ∂z̄ εz )

δS = 0 for any conformal transformation



From the conservation of the EM tensor
∂

µ
Tµν = 0

∂z Tzz + ∂z Tz z = 0 ∂zTz z + ∂z Tz z = 0

Tz z = Tz z = 0

∂z Tzz = 0 =⇒ Tzz is holomorphic =⇒ Tzz = Tzz(z)

∂zTz z = 0 =⇒ Tz z is antiholomorphic =⇒ Tz z = Tz z (z)

In complex variables

In a CFT



z → f(z) , z̄ → f(z̄)

φ(z, z̄) → φ′(z, z̄) =

(

∂f

∂z

)h (

∂f

∂z̄

)h

φ(f(z), f(z̄))

f(z) = z + ε(z) , f(z̄) = z̄ + ε(z̄)

Primary fields

Under a confomal transformation

They transform as:

δε,εφ(z, z) =
[

(h∂ε + ε∂) + (h∂ε + ε∂)
]

φ(z, z)

( h, h ) → conformal weights of φ

Infinitesimal transformations

∆ = h + h̄ is the scaling dimension of φ



ζ = x0
+ ix1 , ζ = x0

− ix1

z = exp

[

2π

L
(x0 + ix1)

]

ζ → z = e
2π

L
ζ

Radial quantization

Let us assume for simplicity that O is bosonic. The equal time commutators of Q(t)
with another bosonic field of the theory φ(t, x) is:

[Q(t), φ(t, x′)] =

∫

dx[O(t, x), φ(t, x′)] (0.365)

Generally the commutator of the two local operators of the right hand side is ill
defined and needs some kind of regulation. We shall regulate it by time splitting as
follows:

[O(t, x), φ(t, x′)] = lim
ε→0+

[O(t + ε, x)φ(t, x′) − φ(t + ε, x′)O(t, x)] (0.366)

Notice that the products of operators on the right-hand side are time-ordered. This
definition is quite natural if we want to make contact with the path integral for-
malism since in the latter the product of fields in a correlator correspond to a time
ordered product of operators in a vacuum expectation value. By making use of the
T product the previous equation can be put as:

[O(t, x), φ(t, x′)] = lim
ε→0+

[T (O(t + ε, x)φ(t, x′)) − T (φ(t + ε, x′)O(t, x))] (0.367)

and the commutation of Q(t) with φ(t, x′) becomes:

[Q(t), φ(t, x′)] = lim
t→t′

[[
∫

t>t′
dx −

∫

t<t′
dx

]

T [O(t, x), φ(t′, x′)]

]

(0.368)

In the radial quantization approach the time ordering corresponds to radial or-
dering, which for two bosonic fields A(w) and B(w) is defined as:

R[A(z)B(w)] =







A(z)B(w) if |z| > |w|

B(w)A(z) if |z| < |w|

Let Q be defined as

Q =
1

2πi

∮

dzO(z) (0.369)

where the integration is performed along a contour with fixed value of |z|. The equal
time (ET) commutator of Q with another field φ(ω) is defined as:

[Q, φ(w)]ET = lim
|z|→|w|

[[
∮

|z|>|w|
−

∮

|w|>|z|

]

R[O(z)φ(w)]
dz

2πi

]

(0.370)

Let us manipulate the contours as follows:
which is equivalent to the equation

∮

|z|>|w|
−

∮

|w|>|z|
=

∮

w

(0.371)

40

Let’s look at an example that will prove to be useful later for the string. Consider
the Euclidean cylinder, parameterized by

w = σ + iτ , σ ∈ [0, 2π)

We can make a conformal transforma-

Figure 22:

tion from the cylinder to the complex
plane by

z = e−iw

The fact that the cylinder and the plane

are related by a conformal map means
that if we understand a given CFT on
the cylinder, then we immediately understand it on the plane. And vice-versa. Notice

that constant time slices on the cylinder are mapped to circles of constant radius. The
origin, z = 0, is the distant past, τ → −∞.

What becomes of T under this transformation? The Schwarzian can be easily calcu-

lated to be S(z, w) = 1/2. So we find,

Tcylinder(w) = −z2 Tplane(z) +
c

24
(4.32)

Suppose that the ground state energy vanishes when the theory is defined on the plane:
〈Tplane〉 = 0. What happens on the cylinder? We want to look at the Hamiltonian,

which is defined by

H ≡
∫

dσ Tττ = −
∫

dσ (Tww + T̄w̄w̄)

The conformal transformation then tells us that the ground state energy on the cylinder

is

E = −2π(c + c̃)

24

This is indeed the (negative) Casimir energy on a cylinder. For a free scalar field, we

have c = c̃ = 1 and the energy density E/2π = −1/12. This is the same result that we
got in Section 2.2.2, but this time with no funny business where we throw out infinities.

– 85 –

map to the full plane

Time ordering goes to radial ordering defined as:

x
0

= const. → |z| = const.

x1 = const. → arg(z) = const.

z = 0 → infinite past

|z| = ∞ → infinite future

time flows in the radial direction

System with finite spatial dimension 0 ≤ x1 ≤ L, x1 ∼ x1 + L



Q(t) =

∫
dxO(t, x) [Q(t), φ(t, x′)] =

∫
dx[O(t, x), φ(t, x′)]

[O(t, x), φ(t, x′)] = lim
ε→0+

[O(t + ε, x)φ(t, x′) − φ(t + ε, x′)O(t, x)]

[Q(t), φ(t, x′)] = lim
t→t′

[[
∫

t>t′

dx −

∫

t<t′

dx

]

T [O(t, x), φ(t′, x′)]

]

Q =
1

2πi

∮
dzO(z)

[Q, φ(w)]
ET

= lim
|z|→|w|

[[

∮

|z|>|w|
−

∮

|w|>|z|

]

R[O(z)φ(w)]
dz

2πi

]

equal-time commutators

regulate by time splitting

In radial quantization in the complex plane

along a contour with |z| fixed



Qε =
1

2πi

∮
dzε(z)T (z) −

1

2πi

∮
dzε(z)T (z)

Qε should be the generator of z → z + ε, z → z + ε

[
∮

dz

2πi
O(z), φ(w)

]

ET

=

∮

w

dz

2πi
R[O(z)φ(w)]

rhs determined by the

singularities as z → w

∮
|z|>|w|

−

∮
|w|>|z|

=

∮
w

small circle around z = w

Particular case



[Qε, φ(w)] =

∮

C

dz

2πi
ε(z)R [T (z)φ(w)] =

∮

C

dz

2πi
ε(z)

[

h

(z − w)2
+

1

z − w
∂wφ(w)

]

∮
C

ε(z)

(z − w)2
dz

2πi
= ∂wε(w) ,

∮
C

ε(z)

(z − w)

dz

2πi
= ε(w)

∮
C

dz

2πi
ε(z)R[T (z)φ(w)] = ε(w)∂wφ(w) + h∂wε(w) = δεφ(w)

Consider the Operator Product Expansion (OPE) 

R(T (z)φ(w)) =
h

(z − w)2
φ(w) +

∂φ(w)

z − w
+ regular terms

φ primary of weight h

Using

we get

The OPE with T characterizes the primary field



2d scalar field

S =
g

2

∫
d2x∂µφ ∂µφ

∂z∂zφ(z, z) = 0

〈φ( "x )φ( "y )〉 = K( "x, "y)

K( !x, !y ) can only depend on | !x − !y |

∇
2K(!x, !y) = −

1

g
δ(!x − !y)

∇2K(| !x |) = −
1

g
δ( !x )

Integrate over a disk Dr of radius r centered at !x = 0
∫

Dr

d2x∇
2K(x) = −

1

g

φ(z, z) = φR(z) + φL(z)

Green’s function

EOM

g constant



〈φ("x)φ("y)〉 = −
1

4πg
ln ( "x − "y )2 + constant

OPE of scalar fields

Polar coordinates (r, θ) → K = K(r)

Thus

φR(z) φR(w) ∼ −

1

4πg
ln(z − w) + regular terms

φL(z̄) φL(w̄) ∼ −

1

4πg
ln(z̄ − w̄) + regular terms

K(r) = −

1

2πg
ln(r) + constant

dK

dr
= −

1

2πg

1

r

∫
Dr

∇
2
K(x)d2

x =

∮
∂D

!∇K · !n dl

∮
∂D

!∇K · !n dl =

∫ 2π

0

dK

dr
r dθ = 2π r

dK

dr



Classical EM tensor

Tµν = g[−∂µφ ∂νφ +
1

2
ηµν ∂λφ ∂λφ]

T (z) = 2πTzz = −2πg ∂φR ∂φR T (z) = 2πTzz = −2πg ∂φL∂φL

T = −2πg : ∂φ∂φ :≡ −2πg lim
z→w

[∂φ(z)∂φ(w) − 〈∂φ(z)∂φ(w)〉]

〈∂φ(z)∂φ(w)〉 = ∂z∂w 〈φ(z)φ(w)〉 = −
1

4πg

1

(z − w)2

Quantum mechanically we have to normal order

T (z) = −2πg lim
z→w

[

∂φ(z)∂φ(w) +
1

4πg

1

(z − w)2

]

Define



T (z)∂φ(w) = −2πg : ∂zφ∂zφ : ∂wφ(w) ∼ −4πg

[

−

1

4πg

1

(z − w)2

]

∂zφ(z) =

j(z) ≡ ∂ φ(z) → primary field of weight h = 1

Vertex operators

Vα(z) ≡: e
iαφ(z) : : eiαφ(z) : =

∞
∑

n=0

1

n!
:

(

iα φ(z)
)n

:

T (z) Vα(w) ∼ −2πg : ∂φ(z) ∂φ(z) :
∞
∑

n=0

1

n!
:

(

iα φ(w)
)

n

: =

−2πg (iα)2 < ∂φ(z) φ(w) >2

∞
∑

n=2

1

(n − 2)!

(

iα φ(w)
)

n−2
−

−2πg (iα) 2 < ∂φ(z) φ(w) > ∂φ(z)
∞
∑

n=1

1

(n − 1)!

(

iα φ(w)
)

n−1

=
1

(z − w)2
[

∂wφ(w) + (z − w)∂2φ(w) + ...
]

+
∂φ(w)

(z − w)2
+

∂2φ(w)

z − w
+ regular



T (z) Vα(w) ∼
α2

8πg

Vα(w)

(z − w)2
+

∂Vα(w)

(z − w)

Vα is a primary field of weight

and scaling dimension

∆ =
α

2

4πg

h =
α2

8πg

This is a purely quantum effect!!



T (z)T (w) = (2πg)2 : ∂zφ∂zφ : : ∂wφ∂wφ :

∼

1

2(z − w)4
− 4πg

1

(z − w)2
∂wφ[∂wφ + (z − w)∂2

w
φ]

T (z)T (w) ∼
1

2

1

(z − w)4
+

2T (w)

(z − w)2
+

∂T (w)

z − w

T (z)T (w) ∼
1

2

c

(z − w)4
+

2T (w)

(z − w)2
+

∂T (w)

z − w

The EM tensor is not a primary

In general

c → central charge of the CFT

∼ (2πg)2
[

2
1

(4πg)2
1

(z − w)4
+ 4

(

−

1

4πg

1

(z − w)2

)

∂zφ∂wφ

]

∼

1

2(z − w)4
+

2

(z − w)2
[−2πg(∂wφ)2] +

∂w[−2πg(∂wφ)2]

z − w



Mode expansions
φ(z) → field of conformal weight h

φ(z) =
∑

n∈Z

φn z−n−h

φm =

∮
C0

dz

2πi
zm+h−1 φ(z)

T (z) =
∑

n∈Z

z
−n−2

Ln

Ln =

∮
C0

dz

2πi
z

n+1
T (z)

Virasoro algebra

[Ln, Lm] =

∮
C0

dw

2πi
wm+1[Ln, T (w)] =

∮
C0

dw

2πi
wm+1

∮
Cw

dz

2πi
zn+1T (z)T (w) =

=

∮

C0

dw

2πi

∮

Cw

dz

2πi
z

n+1
w

m+1

[

c

2(z − w)4
+

2T (w)

(z − w)2
+

∂T (w)

z − w

]

Use:
∮

Cw

dz

2πi

zn+1

(z − w)4
=

1

6
n(n2

− 1)wn−2

∮
Cw

dz

2πi

zn+1

(z − w)2
= (n + 1)wn

∮
Cw

dz

2πi

zn+1

z − w
= w

n+1



[Ln, Lm] =

∮

C0

dw

2πi

[ c

12
n(n2

− 1)wn−2wm+1 + 2(n + 1)wnwm+1T (w) + wn+1wm+1∂wT
]

=

=
c

12
n(n2

−1)

∮
C0

dw

2πi
w

n+m−1+

∮
C0

dw

2πi
[2(n+1)−(n+m+2)]wn+m+1

T (w) =

=
c

12
n(n2

− 1)δn+m,0 + (n − m)

∮
C0

dw

2πi
w

n+m+1
T (w)

[Ln, φ(w)] = h(n + 1)wn φ(w) + wn+1 ∂φ(w)

[Ln, φm] =
[

n(h − 1) − m
]

φn+m

Similarly

[Ln, Lm] = (n − m)Ln+m +
c

12
n(n2

− 1)δn+m,0

φ(z) → field of conformal weight h

Virasoro algebra



in vacuum |0 >

Representation theory

T (z) regular on |0 > at the infinite past z = 0

T (0) |0 >=
+∞∑

n=−∞

z
−n−2

Ln |0 >|z=0

Primary states

|h >= φ(0) |0 >

[Ln , φ(0) ] = 0 , n > 0 [L0 , φ(0) ] = h φ(0)
As

Ln |h >= 0 , n > 0

L0 |h >= h |h >

Ln |0 >= 0 , n ≥ −1

φ(z) → primary of conformal weight h

In string theory
physical states
are primaries with h=1



Closed strings in complex variables

Wick rotate as τ → −iτ and define z = e
τ−iσ

, z̄ = e
τ+iσ

Xµ(z, z̄) = X
µ
R(z) + X

µ
L(z̄) X

µ
R(z) =

xµ

2
− i

α′

2
pµ ln(z) + i

√

α′

2

∑

n "=0

αµ
n

n
z−n

∂ X
µ

= −i

√

α′

2

∑

n∈Z

α
µ

n z
−n−1

α
µ

0
=

√

α′

2
p

µ

OPEs of coordinates

Xµ(z) Xν(w) ∼ −

α′

2
ηµν ln(z − w) corresponds to g = 1

2πα
′

α
µ
m = i

√

2

α′

∮

C0

dz

2πi
z

m
∂ X

µ(z)

Scalar primary state created by the vertex operator

|k >= : e
ikµ X

µ(0)
: |0 >

CFT with c = D



α
µ

0
|k >=

√

α′

2
k

µ |k > pµ |k >= kµ |k >

The conformal weight is

Mass of the state M2 = −k2

M
2

= −

4

α′ closed string tachyon

h =
α′

4
k

2 h = 1 → k
2

=
4

α′

|k > has momentum kµ



Next level

|ζ, k >= lim
z,z̄→0

ζµν : ∂Xµ(z) ∂̄Xν(z̄) eikρ Xρ(z,z̄) : | 0 >

Consider the tensor state:

T (z) ζµν : ∂Xµ(w) ∂̄Xν(w̄) eikρ Xρ(w,w̄)
∼ −

iα′

2

kµ ζµν

(z − w)3
: ∂̄Xν(w̄) eikρ Xρ(w,w̄) : +

OPE of  T with the vertex operator

+

[

α′

4 k2 + 1

(z − w)2
+

∂w

z − w

]

ζµν : ∂Xµ(w) ∂̄Xν(w̄) eikρ Xρ(w,w̄)

The vertex is primary with h=1 if:

M
2

= −k
2

= 0

kµ ζµν = 0

massless particles

polarization condition


