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RR fields couple to extended objects

Recall that the antisymmetric tensor B,,,, in the NS-NS sector couples directly
to the string world-sheet: the string carries (electric) charge w.r.t. B,

1

4o/

The Lagrangian changes by a total derivative under the gauge symmetry,
B, — B, + 0.\, — 0.\,

S=_

/ APE e By (X) du X" 05X" .

In electromagnetism, the gauge invariant degrees of freedom are contained in
the field strength, F = d A. Similarly, H = d B,

H/////) = 8/LBup + al/Bp/l. + apB/w

However, the situation for the R-R potentials C(" is very different, because
the vertex operators for the R-R states involve only the F("+1),

Thus, only the field strengths, not the potentials, would couple to the string.

Thus elementary, perturbative string states cannot carry any charge with
respect to the R-R gauge fields C(").
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RR fields couple to extended objects

We are thereby forced to search for non-perturbative degrees of freedom
which couple to these potentials.

Clearly, they must be extended objects that sweep out a p + 1-dimensional
world-volume as they propagate in time, generalizing the notion of a string,

OXH1 OXHn
Ne _ap--an_ L (n) (n)
q W:j £e® 1 Ot DEan—1 c Ha-=-Hn q W? ’

in complete analogy with electromagnetic and B-field minimal couplings.
The massless states of the R-R sectors are given by the CG decompositions:
@ Type lIA: 165 ® 16, = [0] @ [2] & [4].

@ Type IIB: 165 ® 165 = [1] & [3] @ [5]+-

They corresponds to completely antisymmetric tensors of rank n, or n-forms.
The + subscript indicates a self-duality condition.
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Electric and magnetic coupling of extended objects

Consider F(P+2) a p + 2-form representing an antisymmetric tensor field with
p + 2 indices in D dimensions.

It is the field strength of a potential, F(Pt2)= dC(P+1) that electrically couples
to a p + 1-dimensional object, Wy 1,

f1p clp+1)
W1

7

Wp1 being the world-volume of an extended object called p-brane.
The Hodge dual of F(P+2) js

F(O—p=2) _ »p(p+2) — q(D—p—3)

Its potential couples magnetically to the extended object Wp_,_3,

[1D—p—a / C(D—p-3)
JW,

D—p—3
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Extended objects in type Il superstring theory

In superstring theory, D = 10 thus we have two possible couplings
electric n branes ,

F("+2)  couples to _
magnetic 6 — n branes .

Recall that the F(") forms resulted from the tensor product of two MW spinor
representations in ten dimensions,

0 0
FO i = @ M0 0k

Because of GSO projection, the states |w(j)()i)>R have definite "' eigenvalue
+1. Thus, given that
(— 1)l n

rirle el — ek rl ... vio—nl
(10 _ n)!2 Vi:V10—n ’
there is an isomorphism (electric-magnetic duality)

() A fn (10—n)
Fobcn ~ € o s BV 0 e -

This identifies the representations [n] <+ [10 — n]; in particular, [5] is self-dual.
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Branes in type IIA theory

Recall that, in type [IA: 165 ® 16, = [0] @ [2] @ [4]. Thus, there are even
branes.

@ In the NS-NS sector:
electric 1 branes = F1-string

Hs;  couples to )
magnetic 5 branes = NS5-brane

@ In the R-R sector:
electric 0 branes = DO-brane

Fiz couples to )
magnetic 6 branes = D6-brane

electric 2 branes = D2-brane

Fi4; couples to )
magnetic 4 branes = D4-brane
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Branes in type IIB theory
In type 1IB: 165 ® 165 = [1] @ [3] @ [5]+. Thus, there are odd branes.
@ In the NS-NS sector:
electric 1 branes = F1-string

Hs;  couples to )
magnetic 5 branes = NS5-brane

@ In the R-R sector:

electric —1 branes = D(-1)-brane

Fi couples to
¥ P { D7-brane

magnetic 7 branes

4

electric 1 branes D1-brane

=
Fiz couples to ]
magnetic 5 branes = Db5-brane
=

D3-brane
magnetic 3 branes = D3-brane

electric 3 branes
Fi5 couples to

Since the F5) is self-dual, full electromagnetic duality is in place.
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Electric-magnetic duality

Let us recall how the story goes in Maxwell theory. In the absence of charges
and currents,
dF=0 and d*F=0,

where F is the 2-form field strength describing electric and magnetic fields.

The equations are symmetric under the interchange of F and *F. Assuming
that sources can be added in a symmetric fashion,

dF ="Jp and d*F="Je,

we face Dirac’s quantization condition: the wave function of an electrically
charged particle moving in the field of a monopole is uniquely defined if

e-ge2rn’z.

We have seen that our branes, D-branes, can both couple electrically or
magnetically. Their charges are measured using Gauss’ law.

The Dirac quantization condition has a straightforward generalization,

,U/p',uﬁfp € 27TZ .
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Type Il low energy effective actions

Similarly to the bosonic case, the vanishing of the Weyl anomaly demands,

Buv(9) = Buw(B) = B (®) =0,

where these equations are covariant complicated expressions of the massless
fields.

In type Il superstrings we have, in addition, we should include the RR-forms in
a way compatible with supersymmetry.

Thus, these equations coincide with those arising in ten dimensional theories
of supergravity.

The number of supersymmetries is 32. Whereas type IIB theory is chiral, type
[IA is not. We will present their Lagrangians next.

Higher order o’ corrections would lead to higher powers of the curvature, as in
the bosonic string.

José D. Edelstein (USC) Lecture 9: RR-sector and D-branes 6-mar-2013 9/18



N ———
Type lIA effective action

The Lagrangian of type IIA supergravity in the string frame reads

il

”
Sip = 5,2 / e2¢ <d10X V-0 R+4ddA*xdd — 3 30 Hig) A xHg)

- % {21, Froy A xFry + % Fiay A xFiay + Bz A Frag A F[4]D )
where

Fig) = dCpy Fly = dCig) — Cpiy A Hg) Hiz) = dBp
We can go to the Einstein frame by

—-1/2
(gu,ll)string =0s / e¢/2

where gs = e®("=>) is the string coupling constant. Then,

—-1/2 —5/2
\/@string = (gs / e¢/2)5 |g‘Einstein =0s / e5¢‘/2 ‘g|Einstein .

(g;w )Einstein
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Type lIA effective action

In general, for any p—form

* 2 _— *
(Fip)\Fig)Jsing = 952 €7P /2 (Fig) A*Fipy Einsein -

The resulting action in the Einstein frame reads:

1

1 1
SEA 2, 52 (d10X vV —9E RE — = dq) A*xdP — 3| _¢ H[g] A *H[g]

1 1
% [ &% Fioy N xFig + g7 €2 Fia) A xFiay + Bizy A Fig A F[41D

Gravity is now canonically normalized, as well as the dilaton kinetic term, but
the coupling with the R-R forms is more involved.

Notice that to compute the solution corresponding to a specific D-brane,
1 1
S= 2K 22 /d10X\/7{ éaﬂ()alto B éeanu an} .
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Type lIB effective action

The Lagrangian of type IIB supergravity in the string frame reads

Sis 2%2 | e 2 (d‘ox V=0 R+4ddAxdd — 2%!/4[3] A *H[3]>
1/(F A *Fi +lF A *Fy +11F A *Fy
1.2 m AP+ 5y Fay AFay + 5 55 Fis A xFsy
—Cia A Fp A H[S])
where
F1 = dCp Fia) = dCig — Cpo) Hig
Hia) = dByy Fis = dCiay — % Cig A Hipgy + % Biz) A Fg

supplemented by the additional on-shell constraint F5; = «Fg).
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Type IIB effective action

It can also be driven to its Einstein frame form,

1
SEB = 2 53 <d1OX v—9e Re — 5 dq) A *dd — 2—3|e H[g] /\*H[g]

1 1 11
-3 |:62¢ /:[1] A *Fm + 3l e’ F[S] A *F[3] + 5 51 F[5] A *F[5]:|

= Ciay A Figg A Hm) :

Again, to compute the solution corresponding to a specific D-brane,

1 1
S= 2 2/d1ox\/7{5)—8 ()8”()—2ea””Fn2},

We have az = —1 for the NS-NS 3-form, H3), and a, = % for any RR n-form,
Fin- Notice that for n = 5, i.e., the self-dual D3-brane, the dilaton decouples.

Even the remaining string theories fit into this quite simple action.
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D-branes as classical solutions

The equations of motion are:

1 1 1 .
H/,,/ - EQ,WR — é <3N()(9V<) - 29,11/8)\()(9)‘0) + m ea””Tu,, B

1 %) / Wy ¢ 1a enmp
Vant®l “( 99 ”U) 2 nr!] "

1 @ V2...Up
(”*1)\/7“<V ean Free ) 0,

where the electromagnetic stress-energy tensor reads
1
Ty = M>\2~.)\n, FUAZ"'AHI _ Z g/”/ Fﬁ .
The most general metric that incorporates all the symmetries is:
ds® = —B2dt® + C?5; dy'dy! + F2dr? + G*r? dQ?3_, .

with all the functions depending only on r.
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D-branes as classical solutions

There is an extremal solution

2(7—p) 2(p+1)

ds? = H & (—d® +gdy'dy!) + H & (dr* +r?dQ5_,) .

with A = (p+1)(7 — p) + 4 & and

Now, electric solutions are those with p = n — 2 whereas magnetic solutions
have p = 8 — n. The dilaton reads

8ay.io 8ag_p

e’ =H=x or e’ =H =&,

whereas the R-R form
d .,
Fty1...ypr — EH or F91"'98—p = ng,p y

the latter being proportional to the volume element of S&—7.
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The D3-brane

The solutions look simpler in the string frame,
ds? = H™z (—df? + 6 dy’dy’) + H? (dr? + r? d2) .
for any p. The mass of these solutions can be computed

LPQB—P
M = |q| QZW ;

they all saturate the BPS bound.

As mentioned earlier, the case n =5 (that is, p = 3) is special. If we plug it
into previous expressions, as = 0, A = 16, and

1Q\
d52—<1+4r4>

If we focus in the region close to the throat, r — 0, the metric behaves as
ds? ~ r2 (—dt? + g dy'dy!) + r=2 (dr® + r? dQZ) .

This is AdSs x S® with equal radii of curvature.
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D-branes and boundary contributions

Let us come back to the gauge symmetry of (we set 27a’ = 1)

1 ja L 1%
S=-3 / 02 0 B, (X) 9a X" D5 X" .

If we perform the gauge symmetry transformation,
0B, = 0y, — 0N,
then the action transforms as

6S=— / d?€ P 9N, O X" DpX¥ = — / A2E P O N, DX .

= - / drdo (9;\, 8,X" — O, N, 8, X")

=- / drdo (9; [A 0,X"] — 9y [Ny 0-X"))

the total derivative 0, gives no boundary contribution but 9, does!
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D-branes and boundary contributions

From the point of view of the open strings, the D-branes are hypersurfaces
where their end-points can lie,

O=T

8= / drdo (9 [N 0:X"]) = / dr [A, 0-X"]

o=0
Now, we have to distinguish between X* = (X", X4), where m=0,1,...,p,

58 = / a7 [Am 0, X™ + Na 0, X7

- / dr [Am s X™]
o=0

o=0
since 0. X4 = 0 at both end-points.

Gauge invariance fails at the end-points of the string! To restore it, we must
add a couple of terms that give electric charge to the string end-points,

=T

axm
dr

S= 7% / B¢ e B, (X) 0u X" D5X” + / d7 Am(X)

o=0
The string end-points are oppositely charged and F,, — Fmn = Fmn + Bmn.
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